
Integration 1 

 

1. Evaluate  ∫
1+x2016

1+2x

1

−1
dx . 

  

 Let  I = ∫
1+x2016

1+2x

1

−1
dx    … . (1) 

 Put y = −x, then   

       I = ∫  
1+(−y)2016

1+2−y

−1

1
d(−y) = − ∫  

1+y2016

1+2−y

−1

1
dy = ∫

1+y2016

1+2−y

1

−1
dy = ∫

1+x2016

1+2−x

1

−1
dx   … . (2) 

 (1) + (2), 2I = ∫
1+x2016

1+2x

1

−1
dx + ∫

1+x2016

1+2−x

1

−1
dx = ∫

1+x2016

1+2x

1

−1
dx + ∫

(1+x2016)2x

1+2x

1

−1
dx 

    = ∫
1+x2016

1+2x
+

(1+x2016)2x

1+2x

1

−1
dx = ∫

1+x2016(1+2x)

1+2x

1

−1
dx = ∫ (1 + x2016)dx

1

−1
 

    ∫ (1 + x2016)dx
1

−1
= x +

x2017

2017
]

1
−1

=
4036

2017
 

 ∴  I =
𝟐𝟎𝟏𝟖

𝟐𝟎𝟏𝟕
 

 

 

2. (a) Consider the integrals:   I1 = ∫
cos x

cos x +sin x
dx  and  I2 = ∫

sin x

cos x +sin x
dx 

  By evaluating  I1 + I2  and  I1 − I2 , find the values of  I1   and   I2 . 

 (b) Evaluate    ∫
cos x

a cos x + b sin x
dx , where  a2 + b2 ≠ 0 . 

 (c) Evaluate    ∫
ex

a ex+b e−x dx , where  a, b ≠ 0 . 

 

 (a) I1 + I2 = ∫
cos x

cos x +sin x
dx + ∫

sin x

cos x +sin x
dx = ∫

cos x +sin x

cos x +sin x
dx = ∫ dx = x + k1 

  I1 − I2 = ∫
cos x −sin x

cos x +sin x
dx = ∫

d(cos x +sin x)

cos x +sin x
= ln|cos x + sin x| + k2 

  Solving the above simultaneous equations, we get: 

   I1 =
1

2
(x + ln|cos x + sin x|) + c1 

   I2 =
1

2
(x − ln|cos x + sin x|) + c2 

 

 (b) Let   I3 = ∫
 cos x

a cos x + b sin x
dx  and  I4 = ∫

 sin x

a cos x + b sin x
dx 

  Then aI3 + bI4 = ∫
a cos x + b sin x

a cos x + b sin x
dx = ∫ dx = x + k3 



   bI3 − aI4 = ∫
b cos x − a sin x

a cos x + b sin x
dx = ∫

d(a cos x + b sin x)

a cos x + b sin x
= ln|a cos x +  b sin x| + k4 

  Solving the above simultaneous equations, we get: 

   I3 =
1

a2+b2
(ax + b ln|a cos x +  b sin x|) + c3 

   I4 =
1

a2+b2
(ax − b ln|a cos x +  b sin x|) + c4 

 

 (c)  Let   I5 = ∫
ex

a ex+b e−x dx  and  I6 = ∫
e−x

a ex+b e−x dx 

  Then aI5 + bI6 = ∫
a ex+b e−x

a ex+b e−x dx = ∫ dx = x + k5 

   aI5 − bI6 = ∫
a ex−b e−x

a ex+b e−x dx = ∫
d(a ex+b e−x)

a ex+b e−x = ln|a ex + b e−x| + k6 

  Solving the above simultaneous equations, we get: 

   I5 =
1

2a
(x + ln|a ex + b e−x|) + c5 

   I6 =
1

2b
(x − ln|a ex + b e−x|) + c6 

 

3. (a) By using the substitution  x = α cos2 θ + β sin2 θ , evaluate the integral 

   ∫
1

√(x−α)(β−x)
dx

β

α
 , where  α < 𝛽 . 

  Evaluate this integral where  α > 𝛽 . 

 

 (b) By using the substitution  t =
1

x
 , evaluate the integral 

   ∫
1

t√(t−a)(b−t)

b

a
dt , where  0 < a < b . 

 

 

 (a) I = ∫
1

√(x−α)(β−x)
dx

β

α
  and  x = α cos2 θ + β sin2 θ 

(x − α)(β − x) = (α cos2 θ + β sin2 θ − α)(β − α cos2 θ − β sin2 θ) 

     = [−α(1 − cos2 θ) + β sin2 θ][β(1 − sin2 θ) − α cos2 θ] 

     = [−α sin2 θ + β sin2 θ][β cos2 θ − α cos2 θ] 

     = (β − α)2sin2 θcos2 θ 

  
dx

dθ
= −2α cos θ sin θ + 2β cos θ sin θ = 2 (β − α) cos θ sin θ 

  (i) When x = α, α = α cos2 θ + β sin2 θ ⟹ (α − β)sin2 θ = 0 ⟹ sin θ = 0, α ≠ β 

   ∴  θ = nπ 

  (ii) When x = β, β = α cos2 θ + β sin2 θ ⟹ (β − α)cos2 θ = 0 ⟹ cos θ = 0, α ≠ β 



   ∴  θ = nπ +
π

2
 

  Combining (i) and (ii), we take  θ = 0 and  θ =
π

2
 to be the new lower and upper limits. 

   ∴ I = 2 ∫
1

√(β−α)2sin2 θcos2 θ

π

2
0

(β − α) cos θ sin θ dθ = 2 ∫ dθ = 𝛑
π

2
0

 , where α < 𝛽 . 

  When  α > 𝛽 , √(β − α)2sin2 θcos2 θ = −(β − α) cos θ sin θ 

  ∴ I = −𝛑 

    

 (b) When we use the substitution  t =
1

x
 , 

  ∫
1

t√(t−a)(b−t)

b

a
dt = ∫

1

1

x
√(

1

x
−a)(b−

1

x
)

1/b

1/a
(−

dx

x2
) = − ∫

1

√(1−ax)(xb−1)

1/b

1/a
dx 

  = − ∫
1

√ab(x−
1

a
)(

1

b
−x)

1/b

1/a
dx =

𝛑

√𝐚𝐛
  , from (a)  and note that  

1

b
<

1

a
 . 
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